Distributed Kerr-Lens Mode-Locking Based on Spatiotemporal Dissipative
  Solitons in Multimode Fiber Lasers by Kalashnikov, Vladimir L. & Wabnitz, Stefan
DISTRIBUTED KERR-LENS MODE-LOCKING BASED ON
SPATIOTEMPORAL DISSIPATIVE SOLITONS IN MULTIMODE
FIBER LASERS
Vladimir L. Kalashnikov and Stefan Wabnitz
Dipartimento di Ingegneria dell’Informazione
Elettronica e Telecomunicazioni, Sapienza Università di Roma
via Eudossiana 18, 00184 Rome, Italy
Novosibirsk State University, Pirogova 1, Novosibirsk 630090, Russia
vladimir.kalashnikov@uniroma1.it, stefan.wabnitz@uniroma1.it
July 13, 2020
ABSTRACT
We introduce a mechanism of stable spatiotemporal soliton formation in a multimode fiber laser.
This is based on spatially graded dissipation, leading to distributed Kerr-lens mode-locking. Our
analysis involves solutions of a generalized dissipative Gross-Pitaevskii equation. This equation
has a broad range of applications in nonlinear physics, including nonlinear optics, spatiotemporal
patterns formation, plasma dynamics, and Bose-Einstein condensates. We demonstrate that careful
control of dissipative and non-dissipative physical mechanisms results in the self-emergence of stable
(2+1)-dimensional dissipative solitons. Achieving such a regime does not require the presence of
any additional dissipative nonlinearities, such a mode-locker in a laser, or inelastic scattering in a
Bose-Einstein condensate. Our method allows for stable energy (or“mass”) harvesting by coherent
localized structures, such as ultrashort laser pulses or Bose-Einstein condensates.
Keywords spatiotemporal dissipative solitons · dissipative Gross-Pitaevskii equation · distributed Kerr-lens
mode-locking; multimode fiber lasers · weakly-dissipative Bose-Einstein condensate · metaphoric modeling
1 Introduction
The endeavor of multidimensional soliton generation in nonlinear optics (so-called “light bullets”) and liquid crystals,
Bose-Einstein condensates, etc., has a long history [1, 2, 3, 4]. Such coherent and strongly localized structures could
provide unprecedented energy (or mass) condensation, bridging across micro- and macro-scaled phenomena. The study
of multidimensional solitons introduces new branch of “mesoscopic” physics, permitting the study of a broad area of
nonlinear phenomena far from thermodynamic equilibrium. The main obstacle is that, in contrast with the classical
(1+1)-dimensional soliton of the nonlinear Schrödinger equation, higher dimensional structures are unstable. Two main
approaches have been proposed for the stabilization of a multidimensional soliton, which use i) trapping potentials in a
non-dissipative system [2, 5, 6, 7], and ii) nonlinear dissipation [8, 9].
Nonlinear optical systems would furnish an ideal playground in this field, by a “metaphoric” (or “analogous”) modeling,
big data, and rare events analysis approach [10]. Specifically, transverse field trapping is an inherent consequence of
spatial mode formation in a laser or a passive fiber, where nonlinear effects play a decisive role. In graded-index (GRIN)
multimode fibers (MMF), the effect of mode-cleaning, or field self-condensation in the lowest-order spatial modes
induced by nonlinear intermodal interaction was recently described [3, 11, 12, 13].
As it was conjectured, a spatially profiled active-ion doping could enhance the beam self-cleaning effect [14]. Whereas
a mode-locking mechanism provided by the presence of an effective gain, that grows with power (e.g., due to nonlinear
polarization rotation), could result in spatiotemporal mode-locking and self-similar pulse evolution in an MMF laser
[15, 16]. The first approach involves using the inherent nonlinearity of a dissipative system for producing a coherent
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localized, and energy-scalable structure (i.e., a dissipative soliton, DS) [17]. A remarkable breakthrough has been
achieved by the development of ultrafast fiber and solid-state waveguide lasers, that allow for avoiding the issues of
thermal effects and environmental sensitivity while providing high gains and broad spectral range coverage [18, 19] and
extremely high ultrashort-pulse repetition rates [20]. However, the presence of optical nonlinearities such as self-phase
modulation (SPM), four-wave mixing, and stimulated Raman scattering limit ultrashort pulse energy harvesting in
fiber lasers. An alternative breakthrough approach was introduced by using solid-state Kerr-lens mode-locked (KLM)
oscillators. These sources exploit the effect of loss decrease due to spatial mode squeezing through self-focusing
in a nonlinear medium with an aperture [21]. The evolution of this technology opens the perspective for achieving
distributed Kerr-lens mode-locking (DKLM) [22, 23], thus bridging the previously disjointed areas of solid-state and
ultrafast fiber photonics, and providing self-spatiotemporal-mode-locking of fiber lasers.
In this Letter, we demonstrate that graded dissipation, provided by loss/gain transverse profiling in a GRIN fiber, allows
for obtaining DKLM in a fiber laser, operating in either anomalous or normal dispersion regimes. The parameters and
stability of the resulting spatiotemporal DSs are investigated both analytically and numerically. The problem of the
self-emergence (or self-starting) of DSs, and the interdisciplinary outlook for fiber DKLM oscillators are also discussed.
2 Variational Approximation
As it was pointed out in [3, 24, 25], the Gross-Pitaevskii equation, which is the well-known “workhorse” for trapped
Bose-Einstein condensate (BEC) modeling [26], is a well-working approximation for describing pulse propagation in
both single and multimode fibers. This equation allows for using the variational approximation (VA) for obtaining a
soliton-like solution in a non-dissipative GRIN fiber [5, 6, 7, 13]. The generating Lagrangian L for the Gross-Pitaevskii
equation with a parabolic trapping potential can be written as [7]:
L =
i
2
[a∗∂za− a ∂za∗] + 1
2
(
|∂xa|2 + |∂ya|2
)
(1)
+
δ
2
|∂ta|2 − ν
2
|a|4 − s
2
(
x2 + y2
) |a|2,
where a(z, t, x, y) is a slowly varying spatiotemporal field profile (a∗ corresponds to a complex conjugated value),
z is a longitudinal propagation coordinate, normalized to the diffraction length Ld = β0w20 , and the transverse
spatial coordinates (x, y) are normalized to w0 = 1/ 4
√
2k0 |n1|β0. Here β0 = n0(ω0)k0 is a propagation constant,
k0 = ω0/c is a wavenumber, and n0(ω0) is a refractive index on a carrier frequency ω0. n1 defines a “curvature” of
the transverse refractive index variation, so that whether s = +1 or s = −1 corresponds to anti- or guiding GRIN
fiber, respectively. The group-velocity and the group-velocity dispersion (GVD) parameters are β1 = (dβ/dω)ω=ω0
and β2 =
(
d2β
/
dω2
)
ω=ω0
, respectively (β = n0(ω)ω/c). The last parameter defines the local time t normalization to
T0 =
√|β2|Ld, so that whether δ = +1 or δ = −1 corresponds to the anomalous or normal GVD, respectively. The
instantaneous local field intensity |a|2 is normalized to k0n2Ld (n2 is a nonlinear refractive index, defining SPM), so
that whether ν = +1 or ν = −1 corresponds to a self-focusing or defocusing nonlinearity, respectively (see Table 1).
The dissipative generalization of Eq. (1) consists in the addition of a “force" Q−term in the Euler-Lagrange equations,
in agreement with the Kantarovitch’s method (see Supplementary materials and [27]):
δ
∞∫
−∞
Ldt
δf
− d
dz
δ
∞∫
−∞
Ldt
δf
= 2<
∞∫
−∞
Q
δa
δf
, (2)
Q = −iΛa+ i τ ∂t,ta− i κ
(
x2 + y2
)
a,
where Λ is the difference between loss on the fiber axis and saturated gain. This parameter depends upon the soliton
energy
∫∞
−∞ |a (z, x, y, t′)|2dt′, and could contribute to the soliton dynamics and stability (see Supplement material
and [14]). τ is the spectral dissipation parameter, defined by the inverse of the squared spectral filter (e.g., gain)
bandwidth, and κ defines the growth of loss along the radial coordinate. The last parameter is determined by graded
gain/loss-doping, or by leaking loss in a fiber laser (see Fig. 1). This allows for implementing the general principle of
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Table 1: The normalization parameters for a GRIN Yb-fiber laser with dispersion compensation, and 10 nm spectral
bandwidth. E0 and P0 correspond to the normalization for energy and peak power, respectively. The length of fiber
with compensated dispersion is of 3 m. The “aperture size” defines the zero-level of net-gain for |Λ| = −0.002, and
κ = 0.001.
Name Description
wavelength 1.06 µm
n0 1.48
n1 0.02 cm−4
n2 3.5× 10−16 W/cm2
β2 30 fs2/cm
w0 83 µm
Ld 6 cm
T0 =
√|β2|Ld 230 fs
E0 = w
2
0T0/(k0Ldn2) 128 nJ
P0 = w
2
0/(k0Ldn2) 550 kW
τ 0.4
“aperture size” d = w20
√|Λ|/κ 118 µm
Figure 1: Possible realizations of DKLM in MMF laser: a) disjointed structure with a free beam evolving in a highly
nonlinear crystal, leading to highly reduced beam overlap with the subsequent fiber for a low-intensity field (LI mode);
b) tapered fiber with reduced leaking mode losses for a high-intensity field (HI mode); c) MMF or photonic-crystal-fiber
(PCF) structure with graded losses, providing a loss decrease due to switching to a “self-focused” HI mode. The
common principle is a self-amplitude modulation by loss decrease for the HI field, in analogy with the KLM principle.
DKLM, that is, the growth of effective gain with intensity, owing to graded loss in a fiber, similarly to the action of a
soft or hard aperture in a solid-state KLM laser 1.
The reduced Lagrangian is calculated using a trial function, corresponding to a soliton-like Gaussian mode:
a (z, t, x, y) = α (z) sech
(
t
T (z)
)
exp
[
i
(
φ (z) + ψ (z) t2 + θ (z)
(
x2 + y2
))− x2 + y2
2ρ (z)
]
. (3)
Here the f = (α, T, φ, ψ, θ, ρ)− parameters describe the z−dependent pulse amplitude, duration, phase-delay (∂zφ
could be interpreted as a DS wave-number), chirp, wave-front curvature (spatial chirp), and beam size, respectively.
The variation δ∗/δf in Eq. (2) is performed over these parameters (see Supplemental material for details).
The VA demonstrates the existence, above a certain power threshold, of a locally stable non-dissipative soliton. The
dimensionless peak power threshold is of P0 >5.58 (see Supplemental material) for a guiding GRIN MMF in the
anomalous GVD regime (s = −1, δ = 1) [7]. However, such a soliton has a narrow “attracting basin”, which physically
means the impossibility of its “self-starting” (“self-emergence”) from an arbitrary initial seed.
Therefore, it is natural to conjecture that such a “self-emergence” could exist for a soliton supported by dissipation. The
VA-based analysis demonstrates the existence of chirp-free solitons with nonzero wave-front curvature in an anomalous
GVD regime (δ = 1) for both guiding (s = −1) and anti-guiding (s = 1) refractive index grading. Spatially graded
1The used notions can vary for different physical models. For instance, the DS energy, phase, and local time coordinate for an
optical system correspond to the number of bosons (mass), momentum (wavenumber), and transverse spatial coordinate for a BEC,
respectively. Thus, the condensed matter analog of a DS is a formation of a BEC phase.
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dissipation supports spatial confinement in both cases, under the condition of the absence of spectral dissipation (i.e.,
τ = 0). The DS parameters are:
α2 =
3
(
Λ4 − sΛ2 − κ2)
κΛν
, (4)
T 2 =
2δ
να2
, ρ2 = −Λ
κ
, θ =
Λ
2
.
Eqs. (4) demonstrate that the spatial structure of this type of DS is formed by the graded dissipation confinement with
an effective aperture size χ =
√|Λ|/κ. The DS duration and intensity are inversely related to each other, as it occurs
with nonlinear Schrödinger solitons. However, at variance with the latter, the DS intensity is determined by both the
refractive and the dissipative guiding properties of the fiber. The “deconfinement”, which occurs for |Λ| → κ and
s = −1, means that the DS may also exists when the peak power is reasonably low (depending the net-loss Λ variation).
This situation is of interest for the self-starting of fiber laser mode-locking.
The Vakhitov-Kolokolov stability criterion dE/dq > 0 [1], where E = piα2Tρ2 is a DS energy, and q = ∂zφ =(
κ2 + 5sΛ2 − 5Λ4)/(4κΛ) is a wave-number, demonstrates the local stability (“attracting basin”) of such a DS for
saturated gain parameter values Λ ∈
{
0, −
√√
9 + 20κ2 − 3/10}. However, this “attracting basin” is extremely
narrow, with respect to the choice of the initial condition of the field a. As a result, such a DS cannot be self-emergent.
Therefore, one may conjecture that a self-emergent spatiotemporal DS should be chirped (i.e., ψ 6= 0) due to contribution
of spectral dissipation τ 6= 0. The physical solution, in this case, corresponds to:
ψ =
120 τ
pi2T 2
(
15 δ +
√
15
√
15 δ2 + 128 τ2
) ,
α2 =
3 + 3 s ρ4 − 3κ2 ρ8
ν ρ2
,
θ = κ ρ2
/
2, (5)
T 2 =
2ρ2
(
δ +
80τ2[15δ(pi2−9)+(pi2+3)
√
225 δ2+1920 τ2]
pi2(15δ+
√
225 δ2+1920 τ2)
2
)
3 + 3 s ρ4 − 3κ2 ρ8 .
Figure 2: Dependence of the DS temporal width and intensity (inset) on the grading dissipation parameter κ, for two
values of the saturated net-loss Λ, and δ = −1.
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Figure 3: Dependence of the upper boundaries of DS stability in either anomalous- (δ = 1, a) and normal-GVD
(δ = −1, b) dispersion regime, respectively, upon the dimensionless “aperture size” χ = √|Λ|/κ, for different spectral
dissipation parameters τ . The curve and scatter point plots trace stability boundaries for different initial field amplitude
(α0) values. Insets show the DS intensity evolution in the vicinity of the upper stability boundary obtained on the VA
based simulations, and contour plots illustrate the DS intensity on the t versus r =
√
x2 + y2 –plane, obtained by
full-dimensional Gross-Pitaevskii equation simulations for the shown parameters.
The resulting fourth-order polynomial equation has an unique physical solution for the beam-area parameter ρ2 is (see
Supplemental material):
(12+pi2)τ
3pi2 + ΛT
2 = 120δτ
pi2(
√
15
√
15δ2+128τ2+15δ)
+
2880τ3
pi2(
√
15
√
15δ2+128τ2+15δ)
2 − κ ρ
2T 2
2 .
(6)
The dependencies of the DS temporal width and peak power on the graded dissipation parameter κ for the case of
normal-GVD are shown in Fig. 2. A DS is positively chirped for both anomalous- and normal-GVD regimes (ψ > 0),
and it has a negative wave-front curvature (θ < 0).
3 Numerical Simulations
Numerical simulations based on the VA (see insets in Fig. 3) demonstrate the existence of a broad attracting basin of a
stable (2+1)-dimensional DS. This means the DS self-emergence from an arbitrary initial Gaussian small signal with
amplitude α0 (see Supplemental material). Fig. 3 (curves and scatter points) shows that spectral dissipation enhances
the DS stability, and broadens the “attraction basin,” i.e., the DKLM capability, which is not possible for τ = 0. The
growth of the graded dissipation index κ reduces the stability region, and increases the DS duration. However, at the
same time it also reduces the sensitivity to the initial condition α0, which could mean an enhancement of the DKLM
ability. As one can see from Fig. 3 (curves and scatter points), the DS stability regions are broader for the case of
normal-GVD.
Direct numerical simulations of the dissipative Gross-Pitaevskii equation (see Eqs. (1,2)):
i
∂a
∂z
=
1
2
(
∂2a
∂x2
+
∂2a
∂y2
)
+
δ
2
∂2a
∂t2
+
s
2
(
x2 + y2
)
a+ ν|a|2a− iΛa+ iτ ∂
2a
∂t2
− iκ (x2 + y2) a (7)
demonstrate the self-starting of DS generation (or DS as a “global attractor”) for both anomalous- and normal-GVD
regimes.
In addition, full-dimensional Gross-Pitaievskii simulations reveal the contribution of higher-order modes, causing DS
oscillations or “self-imaging” instabilities [28] (inset in Fig. 3, b). The main destabilizing scenarios are i) multipulsing
in the anomalous-GVD regime (see inset in Fig. 3, a), ii) DS collapse in the normal-GVD regime, owing to the presence
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of a strong Q-switching tendency in the initial stage of mode-locking [29], as it is shown in the inset in Fig. 3, b, and iii)
unlimited temporal spreading of the DS for Λ→ 0.
4 Conclusion
In brief summary, our study demonstrates that exploiting spatially structured dissipative effects may lead to a desirable
and feasible breakthrough in mastering energy-scalable and well-controllable spatiotemporal solitons in a fiber self-
mode-locked laser. The background approach is to utilize a spatially profiled dissipation (e.g., excitation of leaking
radiation, by using waveguide arrays, multicore, or multimode fibers) with the aim of stabilizing the DS, and even
providing a robust mechanism of self-starting spatiotemporal mode-locking. In fact, our concept is closely related to the
space-time spectral duality [30, 31] involved in spatiotemporal mode-locking: an initial spatiotemporal multimodal
instability interplays with group-delay dispersion and self-phase modulation/self-focusing, from one side, and spectral
filtering, from the other side. Such a mechanism of spatiotemporal DS formation can be considered as a path to achieve
energy-scalable DKLM in large-mode-area solid-state lasers, in MMF lasers, as well as in photonic lattices.
As an outlook, we anticipate that the nonlinear coupling of spatial modes in either graded-index or photonic-crystal
fibers, supported by the presence of graded dissipation, could implement the concept of DKLM in a fiber laser in
the regime of multimode self-cleaning. This would provide a means to achieve highly-efficient and stable energy
harvesting in an all-fiber laser, without the need of using any additional mode-locking mechanisms. In a broader
context, we envisage that photonic devices could provide an efficient tool for metaphorical or analog modeling [10] of
strongly localized coherent (or partially coherent) structures, which spontaneously emerge in nonlinear nonequilibrium
dissipative systems. In particular, these systems represent a classical analog of the Bose-Einstein condensate in the
weakly-dissipative limit.
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A Appendixes
A.1 The variational approach to the non-dissipative Gross-Pitaevskii equation
Our analytical approach is based on a variational approximation [7] to the Gross-Pitaevskii equation. We take into
account dissipative factors, which, in particular, are relevant to describing multi-dimensional laser systems. The
generating Lagrangian L for the (3+1)-dimensional, nondissipative slowly-varying field amplitude a(z, x, y, t) is
L =
1
2
δ ∂ta(z, x, y, t)∂ta
∗(z, x, y, t) +
1
2
(∂ya(z, x, y, t)∂ya
∗(z, x, y, t) + ∂xa(z, x, y, t)∂xa∗(z, x, y, t)) +
1
2
i (∂za(z, x, y, t)∂za
∗(z, x, y, t)− ∂za(z, x, y, t)∂za∗(z, x, y, t))− (8)
1
2
s
(
x2 + y2
)
a(z, x, y, t)a∗(z, x, y, t)− 1
2
νa(z, x, y, t)2a∗(z, x, y, t)2,
where z is a propagation coordinate, t is a local time (in a co-moving coordinate system), and x, y are transverse
coordinates. The parameter definitions and normalizations in Eq. (8) can be found in the main text of the Letter.
The resulting Euler-Lagrange equation is known as the Gross-Pitaevskii equation with a parabolic guiding “potential”.
This equation describes, in particular, beam propagation in a graded-index multimode optical fiber. By using the
lowest-mode soliton-like ansatz for a multidimensional soliton (see main text for the definition of the parameters):
aansatz (z, t, x, y) = α (z) sech
(
t
T (z)
)
exp
[
i
(
φ (z) + ψ (z) t2 + θ (z)
(
x2 + y2
))− x2 + y2
2ρ (z)
]
. (9)
The subsequent transition to cylindrical coordinates x = r cosχ, y = r cosχ (r is a radial coordinate, χ is a azimuthal
coordinate) allows for obtaining the reduced Lagrangian:
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Lreduced =
∞∫
−∞
∞∫
0
2pi∫
0
rL [aansatz] dt dr dχ. (10)
The variation of Lreduced over the (α, T, φ, ψ, θ, ρ)− parameters of the ansatz (9) results in the set of the reduced
Euler-Lagrange equations:
2δα(z)ρ(z)2
T (z)
= T (z)α(z)×(
ρ(z)2
(
6ρ(z)2
(
s+ 2θ′(z)− 4θ(z)2)+ pi2T (z)2 (ψ′(z)− 2δψ(z)2)+ 4να(z)2 + 12φ′(z))− 6) ,
T (z)α(z)
(
ρ(z)2
(
6ρ(z)2
(
s+ 2θ′(z)− 4θ(z)2)+ 3pi2T (z)2 (ψ′(z)− 2δψ(z)2)+ 2να(z)2 + 12φ′(z))− 6)+
2δα(z)ρ(z)2
T (z)
= 0, (11)
α(z)ρ(z) (α(z) (ρ(z)T ′(z) + 2T (z)ρ′(z)) + 2T (z)ρ(z)α′(z)) = 0,
T (z)α(z)ρ(z) (3α(z)ρ(z)T ′(z) + 2T (z) (ρ(z)α′(z) + α(z) (2δρ(z)ψ(z) + ρ′(z)))) = 0,
α(z)ρ(z) (α(z)ρ(z)T ′(z) + 2T (z) (ρ(z)α′(z) + 2α(z) (θ(z)ρ(z) + ρ′(z)))) = 0,
α(z)ρ(z)
(−2δ + 2T (z)2 (6 (ρ(z)2 (s+ 2θ′(z)− 4θ(z)2)+ φ′(z))+ να(z)2)+ pi2T (z)4 (ψ′(z)− 2δψ(z)2))
T (z)
= 0,
where prime means a derivative over z. System (A4) describes the evolution of the multidimensional soliton parameters
(9) with z. The steady-state evolution corresponds to α′ = 0, T ′ = 0, ρ′ = 0, ψ′ = 0, θ′ = 0, and q = φ′ can be
considered as a soliton wavenumber.
In the chirp-free case (i.e., both ψ and θ equal 0, and sgn(ν) = sgn(δ)), there are two soliton solutions:
T 2 =
2δ
ν α2
,
ρ21 =
6
ν α2 +
√
ν2 α4 − 36s , (12)
ρ22 =
ν α2 +
√
ν2 α4 − 36s
6s
,
where the intensity α2 can be treated as a free parameter, per the energy conservation law (the third equation in Eqs.(4)).
In Fig. 4 we show the dependence of the squared dimensionless beam size ρ2 (i.e., beam area) on dimensionless peak
power α2, for three physical solutions corresponding to either ρ21 (s = −1, 1) or ρ22 (s = 1).
We will consider the threshold-less (with respect to α2) solution ρ21 corresponding to a guiding potential s = −1, which
is relevant to a fiber laser system.
The Vakhitov-Kolokolov (VK) stability criterion is dE/dq > 0 [1], where E = 6
√
2piα
√
δ
ν
α2ν+
√
α4ν2−36s is the soliton energy,
and q = ∂zφ = 16
√
α4ν2 − 36s − α2ν4 is a wave-number. The VK criterion demonstrates that there is a stability
threshold α2 > 5.58, which is hardly realistic for a fiber laser.
System (11) results in the following dynamical system for the evolution of the multidimensional soliton parameters:
ψ′(z) =
να(z)2
pi2T (z)2
− 2δ
pi2T (z)4
+ 2δψ(z)2,
θ′(z) =
1
6
(
−3s+ να(z)
2
ρ(z)2
+ 12θ(z)2 − 3
ρ(z)4
)
,
φ′(z) =
δ
3T (z)2
− 7
12
να(z)2 +
1
ρ(z)2
, (13)
α′(z) = α(z)(δψ(z) + 2θ(z)),
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ρ′(z) = −2θ(z)ρ(z),
T ′(z) = −2δT (z)ψ(z).
Numerical solutions of Eqs.(13) demonstrate, in the presence of temporal- or spatial-chirp weak perturbations, a
spatiotemporal collapse-like behavior (see Fig. 5).
A.2 The variational approach to the dissipative Gross-Pitaevskii equation
Within the context of our study, the dissipative version of the Gross-Pitaevskii equation can be written in the following
form:
i
∂a
∂z
=
1
2
(
∂2a
∂x2
+
∂2a
∂y2
)
+
δ
2
∂2a
∂t2
+
s
2
(
x2 + y2
)
a+ ν|a|2a− iΛa+ iτ ∂
2a
∂t2
− iκ (x2 + y2) a, (14)
where the dissipative terms in the case of a fiber laser can be described as follows: Λ is a saturated net-loss on the fiber
axis, τ is the inverse squared bandwidth of the spectral filter, and κ is a coefficient of graded dissipation, describing the
growth of net loss, starting from the fiber axis and moving toward its periphery. The evaluation of the Λ−term is not
trivial in the general case, because it includes the nonlinear effect of gain saturation, which can be described in the
simplest form as:
−Λ = g0
1 + 1Es
∫∞
−∞ |a (z, x, y, t′)|2dt′
− `, (15)
where g0 is an unsaturated gain, Es is a gain saturation energy, and ` is the loss coefficient on the fiber axis.
Within the context of a weakly dissipative Bose-Einstein condensate, the Λ−term can be interpreted as a “ velocity of
condensation” from a noncoherent Bose-basin, the τ−term describes an escape velocity from a condensate, growing
larger with the Bose-particle kinetic energy, and the κ−term describes dissipation due to delocalization of the condensate.
Then, for the case of δ = 1, Eq. (14) can be reinterpreted as: z corresponds to time, x, y, t correspond to the Euclidian
spatial coordinates, and E is the number of particles (mass) of the condensate. The interpretation of the δ = −1 case is
less straightforward (nevertheless, see [32] and the classical analogue such as the Talbot effect [33]).
The variational approximation to (14) consists in the addition of a “force" Q−term in the Euler-Lagrange equations, in
agreement with the Kantarovitch’s method [27]:
δ
∞∫
−∞
Ldt
δf
− d
dz
δ
∞∫
−∞
Ldt
δf
= 2<
∞∫
−∞
Q
δa
δf
, (16)
Q = −iΛa+ i τ ∂t,ta− i κ
(
x2 + y2
)
a,
This results in the following modified equations for the parameters of the ansatz (A2):
ψ′(z) =
3να(z)2 − 4 (3 + pi2) τψ(z)
3pi2T (z)2
− 2δ
pi2T (z)4
+ 2δψ(z)2,
θ′(z) =
1
6
(
−3s+ να(z)
2
ρ(z)2
+ 12θ(z)2 − 3
ρ(z)4
)
,
φ′(z)→ δ
3T (z)2
− 7
12
να(z)2 +
1
ρ(z)2
+
1
9
(
3 + pi2
)
τψ(z), (17)
α′(z)→ 1
15
α(z)
(
3pi2τT (z)2ψ(z)2 − 5
(
12 + pi2
)
τ
pi2T (z)2
+ 15(−Λ + δψ(z) + 2θ(z))
)
,
ρ′(z)→ −ρ(z) (2θ(z) + κρ(z)2) ,
T ′(z)→ −2δT (z)ψ(z)− 16
15
pi2τT (z)3ψ(z)2 +
8τ
pi2T (z)
.
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A chirp-free (ψ = 0) solution of (17) exists only in the absence of spectral dissipation (τ = 0), and reads as:
α2 = −3
(
κ2 − Λ4 + Λ2s)
κΛν
, (18)
T 2 =
2δ
α2ν
, ρ2 = −Λ
κ
, θ =
Λ
2
.
The only physical configurations are: δ = 1, s = −1 and δ = 1, s = 1 (i.e., anomalous dispersion combined with
guiding/anti-guiding potential, see Figs. 6, 7). A guiding potential provides, for |Λ| → κ, relatively low DS peak
powers. This is an important property for fiber lasers, as it entails the possibility of achieving the self-starting of passive
mode-locking.
The nonmonotonous dependence of the DS energy
E = −
√
6piδΛ
κν
√
− δκΛκ2−Λ4+Λ2s
(19)
on Λ (see Fig. 8) suggests its stability, according to the VK stability criterion.
The dependence of the DS energy on the wavenumber
q =
κ2 − 5Λ4 + 5Λ2s
4κΛ
(20)
is shown in Fig. 9.
The VK criterion suggests that DS stability occurs within the parameter region:
Λ ∈
0,−
√√
9 + 20κ2 − 3
10
 . (21)
However, one has to note that the VK stability criterion is not a sufficient condition to guarantee pulse stability.
Moreover, a wavenumber cannot be self-consistently formulated in the dissipative case, due to nonlinear nature of Λ
(see Eq. (15)). Therefore, direct numerical simulations based on the system (17) are required for the case of τ = 0.
Figure 4: Dependence of the squared soliton beam size
on the intensity for three chirp-free solutions (A5); ν = 1,
δ = 1.
Figure 5: Evolution of the squared beam size ρ21 for the
exact solution (12) (line 1) and the solution (12) but with
ψ(0) = 10−5 and θ(0) = 10−5 in Eqs. (13) (line 2) for
ν = 1, δ = 1, s = −1, and α(0) = 2.5.
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Our numerical analysis demonstrates the tendency of the beam to collapse, in the presence of weak perturbations of the
DS parameters. This conclusion is supported by a linear stability analysis, based on the following stability matrix:
d
dz

ψp
θp
ρp
αp
Tp
 =

0 0 0 2ναspi2T 2s
8δ−2νT 2s α2s
pi2T 5s
0 4θs
6−να2sρ2s
3ρ5s
ναs
3ρ2s
0
0 −2ρs −2θs − 3κρ2s 0 0
δαs 2αs 0 −Λ + 2θs 0
−2δTs 0 0 0 0
 (22)
where the s and p subscripts correspond to the steady-state solution and to its perturbation, respectively. Importantly,
our analysis shows the crucial contribution of both temporal and spatial chirps in determining beam collapse 2.
As a result, one may conjecture that a stable DS soliton has to be necessarily chirped, a condition which requires
spectral filtering (i.e., τ 6= 0). The system of equations defining the DS parameters reads as:
α2ν + 12ρ2θ2 =
3
ρ
2
+ 3ρ2s,
3α2νT 2 + 2T 2ψ
(
3pi2δT 2ψ − 2 (3 + pi2) τ) = 6δ,
1
5
pi2τT 2ψ2 + δψ + 2θ = Λ +
(
12 + pi2
)
τ
3pi2T 2
, (23)
2θ + κρ2 = 0,
pi2ψ
(
15δ + 8pi2τT 2ψ
)
=
60τ
T 2
,
and the equation for φ′(z) corresponds to that in Eqs. (17). One obtains the following solutions for the DS intensity α
and the wavefront curvature θ:
α2 = 3
1 + ρ4s− κ2ρ8
νρ2
, θ = −κρ
2
2
. (24)
The quadratic equation for the chirp ψ:
−60τ + 8pi4τT 4ψ2 + 15pi2δT 2ψ = 0 (25)
2One has to note, that, in the case of the collapse-like behavior, the following assumptions of the considered model become
invalid: i) paraxial approximation, ii) lowest-order mode ansatz, and iii) axial symmetry.
Figure 6: Dependence of the intensity α2 on the saturated
net-loss parameter Λ for the chirp-free DS.
Figure 7: Dependence of the intensity α2 on the graded
dissipation parameter κ for the chirp-free DS..
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is better to solve by using the Muller’s method [34] to avoid the singularities for τ → 0. The obtained physical solution
for the chirp-parameter is:
ψ =
120τ
√
15pi2T 2
(√
(15δ2 + 128τ2) +
√
15δ
) , (26)
and the solution for the DS duration is:
T 2 =
2ρ2
(
80τ2((3+pi2)
√
225δ2+1920τ2+15(pi2−9)δ)
pi2(
√
225δ2+1920τ2+15δ)
2 + δ
)
−3κ2ρ8 + 3ρ4s+ 3 . (27)
The corresponding fourth-order polynomial equation for ρ2, which closes the system, is too cumbersome to be written
out explicitly here (see Mathematica notebook [35]). Only one of the solutions of this equation has a physical meaning:
examples of this solution are shown in Fig. 10, for different values of the dissipation parameter Λ and κ, and the normal
GVD regime δ = −1.
In the case of the DS described by Eq. (18), a decrease of the effective aperture χ results in beam squeezing, accompanied
by a growth of the peak power (see Figs. 6, 7). Whereas, for the DS expressed by Eqs. (24–27), decreasing χ leads
to a widening of the beam (see Fig. 10, as well as Fig. 2 in the main text). This means that different mechanisms of
DS formation are in place for the two cases. If in the former case, spatial and temporal mechanisms are only related
through the DS amplitude, which is defined by the effective beam size. On the other hand, in the latter case one deals
with an interplay between nondissipative and dissipative mechanisms, as it occurs in mode-locked lasers operating in
either the anomalous or the normal GVD regime. This conclusion is supported by the fact that the DS described by Eqs.
(24–27) also exists in the nondissipative limit. Dissipative factors may stabilize a soliton, however their overdoing leads
to soliton degradation.
The impact of dynamical gain into the Λ-parameter needs some clarification (see Eq. (15)). A comparison between Fig.
10 and Fig. 2 from the main text reveals that a perturbation leading to a growth of the DS energy (and thereby, reducing
|Λ|) would also increase the DS temporal duration and beam area, and decrease its peak peak power (and vice versa).
That could prevent both DS collapse and degradation due to spatial spreading. Thus, the overall effect of dynamical
gain saturation would play the role of a negative passive feedback, and provide DS robustness. However, the validity of
this conjecture needs further study.
Figure 8: Dependence of the chirp-free DS energy E on
the dissipation parameters Λ and κ.
Figure 9: Dependence of the chirp-free DS energy E on
the wavenumber q.
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A.3 The numerical study of the dissipative Gross-Pitaevskii equation
Numerical simulations were based on two approaches: i) solution of the ordinary differential equations (17) in the
framework of the VA, and ii) direct numerical solution of Eq. (14). In the first case, the primary intention was to inspect
the “attraction basin” of the solution (24–27). Whereas, in the second case, we aimed at investigating the propagation
regimes extending beyond the lowest-mode soliton-like approximation of Eq. (9).
Fig. 11 demonstrates the evolution of the DS temporal duration and peak power for two different “seed” amplitudes α(0)
in the normal GVD regime with other initial conditions corresponding to Eq. (5): T (0) =
√
2 |δ|/ν
/
α (0), ρ (0) =(
ν α(0)
2 −
√
ν2α(0)
4 − 36s
)/
6s, ψ (0) = 0, θ (0) = 0. The existence of such convergent solutions underlies the
stability borders marked by the scatter symbols in Fig. 3 of the main text.
One can see that the DS “attracting basin” is broad. Also, the analysis demonstrates that such a “basin” broadens with
the growth of τ , which is a spectral dissipation enhancement. Nevertheless, Fig. 11 shows a “blow-up” dynamics of the
growing DS, that can prevent its formation.
As the VA is constrained by a pre-defined ansatz, direct numerical simulations are required. We performed simulations
of Eq. (14) by using the finite-element method implemented by COMSOL Multiphysics software. These simulations
reveal the existence of new scenarios, whose existence is beyond the reach of the VA approximation. Specifically: i)
multimode dynamics in the normal GVD regime and ii) multipulsing in the anomalous GVD regime.
The video on multimode evolution [36] corresponding to the inset in Fig. 3, b of the main text illustrates the first scenario
(vertical axis t ∈ {−60, 60}, horizontal axis r ∈ {0, 7}, propagation interval z ∈ {0, 1500}, δ = −1, τ = 1, χ = 4,
κ = 0.001, α = 0.1). One can see the presence of non-trivial spatiotemporal dynamics, which affects spatiotemporal
mode-locking.
The video on multipulse evolution [37], corresponding to inset in Fig. 3, a of the main text, displays the spatiotemporal
multipulse dynamics (vertical axis t ∈ {−60, 60}, horizontal axis r ∈ {0, 7}, propagation interval z ∈ {0, 1500},
δ = −1, τ = 1, χ = 4, κ = 0.001, α = 0.1). In this case, the temporal dynamics prevails on the spatial one, so that an
initial low-intensity DS splits into several interacting pulses.
As an outlook for further work, we would like to mention the study of the DS dynamics under the influence of dynamical
gain saturation, and the impact of the multimodal field structure in a MMF. In addition, more complex transverse
waveguide structures, such as a PCF, could be investigated. One may hope that such structures could provide additional
mechanisms for the self-starting of the DS, its stabilization, and for decreasing the DS peak power, all of which is
desirable for implementing the concept of DKLM in a practical guided wave laser architecture.
Figure 10: Dependence of the beam area ρ2 on the graded dissipation parameter κ for different saturated net-loss
parameters Λ. τ = 0.1 (a) and 1 (b); δ = −1, s = −1.
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